Integration
An integral is an infinite sum of infinitesimal terms.

An integral is an operator. | want to convey whatelan by the term “operator” by first
discussing an operator with which you are already fami@mely the derivative operator. An
operator is just a mathematical agent that acts andatibn to yield another function. The

derivative operatoaf— (the derivative with respect ¥ acts on a function ofto yield another
X

function ofx. So, for instance, ¥ is a function ok then we can apply the derivative operator to

it. We write the derivative of(x) asdiy or % . I now write the derivative operator %%D
X X X

to emphasize the fact that the derivative operator ageeaat a function and that function goes
where the box is. The integral operator is an opetator Using the “box” notation the integral
operator can be writteﬁD dx . (But see footnote 1.) The integral operator opeates

function and that function goes where the box ise paint here, is not about the order. (In fact,
it is perfectly okay to write the integral operatorjaixD .) The point is that the integration

operator includes both thetegral sign “ j ” and thedifferential “dx’. Remember, an integral

is an infinite sum of terms. An infinite sum of tiaiterms is infinite. For the integral to be finite
(and thus meaningful), the terms themselves must bétésimaf. So, given the functiori(x) ,

[£(x) is nonsense, whereaf (x) dx is the integral of® with respect to. Let's make that a
little more concrete. Consider the functi6(x) = x>. The expressiogﬂ x® is nonsense,
whereas,j x*dx is the integral ofx® with respect tx. The bottom line is, if you want to stick

an integral sign j " in front of something, you better make sure @@ething has a
differential in it, otherwise, your final expressies nonsense.

Enough about notation and jargon, let’s explorehiigadea behind integration by means of an
example. Consider an object whose velocity asetion of time is given by (t) :1.5c—r2t2.

Assume you need to know how far it goes duringfitise 4.0 seconds of its motion. At first you
might be tempted to use your junior high schooirola “distance is speed times time”. The
“time” is clearly 40 seconds but what are you going to use for thedspH you evaluater (t) at

t = 4.0 seconds you get the speed at the 4 second mettkebobject is not going that fast for the
whole four-second time interval from O td®4. Its speed is O at time zerdyrb/s at 1s, 60 m/s
at 2 seconds, 13 m/s at 3 seconds, and 24 m/s at 4 seconds. bijéet s clearly speeding up
during the entire 4 seconds. You might try usi@gm/s for the average speed calculated by
adding the initial velocity and the final velociyd dividing by two. But that only works if the

! | am using the generic variable nameThe variable does not have toxbelt could bet or z or anything else.
2 Infinite is unimaginably large. Infinitesimal isnighingly small. Finite is of ordinary size.
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acceleration is constant. Note that you can se(tp=1.5—t to find that the velocity is
<Q

12 m/s attime t =.83 s. So, in the case at hand, the object goeeslhhan 12 m/s for the first
2.83 s which is more than half of the 4-second tinterval. So the average speed has to be less
than 12 m/s. Again that business of the averalpeir over a time interval being half the sum

of the velocity at the start of the time intervatahe velocity at the end of the time intervalyonl
works in the case of constant acceleration, andsyowld be able to discern that if the velocity

of an object is given by(t) :1.523t2, then the acceleration of the object is not canistahis
S

rules out any constant acceleration equations im@igation that we might have had in mind.
So how do we go about finding out how far the obgaes in the first 4 seconds?

If we had an easy way to get the average speeavikgavhat we know, we could just use that
and multiply the average speed by the four sectingst the distance. But, in general, there is
no easy way to get the average speed. So agak) howdo we go about finding out how far
the object goes in the firstGlseconds?

Newton is the one that came up with the idea. fEg8ly, what he said was that one should use
an approximation scheme which, taken to extremekls/the correct answer. Here’s the idea.
Divide the time interval up into several parts.t’s éry four parts at first. Then, each time

interval is 1 second. The distance will be therage speed during the 1st second, times one
second; plus the average speed during the 2nd detbmes one second; plus; the average speed
during the 3rd second, times one second; plusvékage speed during the 4th second, times one
second. Again, the difficulty is, | don’t know witthe average speed during any one of the four
one second time intervals is. Still, whether |, @®my estimated speed for the average speed
during the time interval, in each case, the spédakeastart of the one-second time interval, the
speed at the end of the one second time interwétieosum of the two divided by 2, the end

result will be closer to the actual value thang&t by using the corresponding value for the
entire four-second time interval. Why? Simply &ese the speed doesn’t change as much
during one second as it does during four secoBds.using any reasonable method to “guess”
the average speed during each one second timeahtetl yield a result closer to the actual
value than using the same method to arrive at ssgioe the entire four second time interval.

My inclination in refining a method like this woulgk to work real hard at getting the best
estimate for the average speed during a partitinter interval. But Newton was smarter than
that. He said that we shouldn’t waste any timéirgget better estimate of the average speed.
Rather, that we should use shorter time intervelis.took it to extremes. Suppose we divide the
original four-second time interval up into four haih equal time intervals. Each one is a
millionth of a second. For each millionth of a@ed, from zero to four seconds, if we multiply
the average speed during that millionth of a secomes one millionth of a second, and add all
the results together, we get the distance trawhlemhg the first four seconds. Of course, we
don’'t know the average speed during any givenomth of a second, but, we’re not going to be
far off whether we use the value at the start af thillionth of a second, the value at the end of
that millionth of a second, or the sum of the twadd by 2.



Check it out. Suppose we always used the valtleadtart of the time interval. Every term in
our sum will be a little bit on the low side becaulse actual average speed during the millionth
of a second time interval will be a little greatiean the speed at the start of the time interval.
Now do the whole procedure using the speed atrtieteach time interval. This results in a
distance that is greater than the actual distaBeg, by how much. Your second sum of four
million terms will look just like the first one, but will be missing the first term (0O m/s times
0.000001s) and it will include a term, its last tei2d m/s times @00001 s), that does not
appear in the first sum. So, the second attempdlatilating the distance will yield a value that
is 0.000024 m greater than the first attempt. The &tstmpt is too low, the second too high.
The actual distance is somewhere in between. Hautvto results differ from each other by only
0.000024 m. So the discrepancy between either distand the actual distance is even less than
that.

You'd think that would be good enough for Newtdbdividing a four-second time interval up

into 4 million Q000001 s time intervals is already pretty extremmy book. But he carried it
even further. He divided it up into an infinitember of infinitesimal time intervals. This drops
the discrepancy between the low estimate and gtedstimate down to zero meaning that (since
the actual distance is between the two, eithen®tige actual distance. So he winds up with an
infinite sum of infinitesimal elements, something now call an integral.

For the case at hand, we write the integral as:

4.0s
Ax= [ v(t)dt

0

It represents the infinite sum of terms
v(0)dt + v(dt)dt + v (2dt)dt +v (3dt)dt +...+v (45— 3dt)dt + v (45— 2dt)dt + v (45— dt)dt + v (ds)dt

For each value df starting at = 0, and working our way up tc= 4.0 s, we evaluateatt and
multiply the result bydt. We add that product to an accumulating sum.nMre increase by dt
and repeat unttireaches the value of®4s. The end result of the sum is the distanceled by
the object from time O to time@s.
4.0s
Some remarks on the jargon. In the expresaian j v(t) dt, the variable is referred to as the
0

variable of integration.v(t) is the function that is being integrated. The the lower limit of
integration and the.@ s is the upper limit of integration. The equatieads, “Delta x is equal to
the integral ofv(t) from zero to four seconds”. The result of thegnation can be expressed as
a function evaluated at the upper limit of integnatminus the same function evaluated at the
lower limit of integration. The function is callélde antiderivative of the function that is being
integrated. If we name the antiderivati(®, what we are saying can be written

Tut) dt = x(4.08) - x(©)

0



Determining the antiderivative of a function is attar of evaluating the infinite sum of
infinitesimal terms, the infinite series, that ategral represents. Fortunately, all of the hard
work has been done for us my the mathematicianses® in your physics course, we can
provide you with a few simple rules for arrivingthé results. If you haven’t already done so,
you will learn where these simple rules come frargaur calculus class. Here, we simply
present them to you, along with some informatiomotation and usage, without proof.

First a few comments on the relation between thivaké/e operator and the integral operator.
. . o m
We again rely on the example of the object whosecity is given byv(t) =1.5—t* to make
S

our points. First off, as you know, the velociff) is just the time derivative of the position
4.0s 4.0s

variablex: v(t) :%. This means that our integr:iflv(t) dt is the same thing a§ %dt. We
0 0

4.0s
can treat this expression as if thiess cancel and write it aqr dx. We don'’t need any fancy rules
0

to interpret this. It represents the sum of &l itifinitesimal changes in positiaix that the
object experiences from tinte= O to timet = 4.0s. This is nothing but the total change in
position of the object, which we can expresg(d9s) —x(0). So the antiderivative function is
just our positiorx . (But see footnote 3.) Check it out. Starhwit Take the derivative of

with respect td, % Now integrate that. You getback. Integration is the inverse operation

to taking the derivative. It works the other wag.t

If you integrate a function, and then take thedgive of the result, you get the original function
back. So when you integrate a function, what yeudming is finding a function whose
derivative is equal to the original function. Henden we say “integrate a function” we really
mean “find the antiderivative of a function.” Suah integral is called an indefinite integral and
is written without limits of integration. (As yamight guess, an integral that includes the limits
of integration is called a definite integral.) lsetise this information to arrive at an answer for
the example we have been talking about.

4.0s
We need to calculatq v(t)dt for the case in whicl(t) :1.5?3t2. That is, we need to

0 S

4.0s
calculatej 1.5m3t2 dt . Now this represents an infinite sum in whichrgwerm is being
S
0

multiplied by the constarit.5m3. We can factor that constant out of the sum arie the
<

<

% The position function is actually the initial positionuplthe antiderivative. Here we specialize to the ohae
initial position of zero. In general, when you find ariderivative off(x) you are finding a functiog(x) whose
derivative isf(x). Add any constant tg(x) that you want. Call the restix) = g(x) + constant.h(x) must also be
an antiderivative of(x) because the derivative lafx) is the derivative of g(x) plus the derivative of thestant
(which is of course 0). So if the derivativegtk) is /(x) then the derivative of h(x) g(x) + constant is alsé(x).
That means thaf(x) has an infinite set of antiderivatives, one forheaicthe infinite number of possible values of
the constant.



4.0s 40s
integral as.1.5m3 j t?dt. To evaluate thej t?dt part we need to find a function whose
S 0 0

derivative ist’. To wind up with the power of your variable wheking derivatives, you just
start with the next higher power. The derivati¥e is 3t>. We can compensate for that 3 that

comes down when you take the derivativet®oby including a factor oé in our guess for the

antiderivative ot”. That makesét3 our current candidate for the antiderivative ‘ofIndeed, if
. L 1.,. . e

you take the derivative of it with respect to t ygmt2 so§t3 is indeed an antiderivative bf

. . . . . 1.,. S
Now we introduce a bit more notation. Having elssaled that§t3 is the antiderivative df,

4.0s
0

That |305 part is to be read “evaluated from O t0 4" and we implement it on the next line by

plugging the upper value in forwriting a minus sign, and then copying the expiceswith O
plugged in fort. So the next line reads

we write

4.0s
1.5msjt2dt:1.sms[ 1
S S 3

m e, m(1 1
15— [t?dt =1.5—| =(4.0s)° -= 03j
s3£ 53(3( ) 3()

m4.0§
15 [t*dt=32m
S 0

4.0s
Hey, this is the integrahx = j v(t) dt that answers the question: How far does an ohbjrose
0

velocity v (t) :1.593t2 go during the first four seconds of its motiomn. the process we have
S

come up with a rule for the integral of a power.

Let’s write that power rule as a functionof Consider the functio#(x) = cx" wherec is a

constant and n is a constant that is not equaltoAn antiderivative ok" can be arrived at by
incrementing the power by 1 and dividing by the mwer. So, the integral &f(x) fromatob

can be expressed as:
b bn+l a.n+l
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